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Abstract 



Let S\ = {F t } t>0 and S2 = {Gt} t>0 be two continuous semigroups 
of holomorphic self-mappings of the unit disk A = {z : \z\ < 1} 
generated by / and g, respectively. We present conditions on the 
behavior of / (or g) in a neighborhood of a fixed point of Si (or S2), 
under which the commutativity of two elements, say, F\ and Gi of the 
semigroups implies that the semigroups commute, i.e., F t oG s = G s oF t 
for all s,t > 0. As an auxiliary result, we show that the existence 
of the (angular or unrestricted) n-th derivative of the generator / 
of a semigroup {F t } t>0 at a boundary null point of / implies that 
the corresponding derivatives of Ft, t > 0, also exist, and we obtain 
formulae connecting them for n = 2, 3. 

1 Introduction 

We denote by Hol(A, D) the set of all holomorphic functions on the unit disk 
A = {z : \z\ < 1} which map A into a domain DcC, and by Hol(A) the 
set of all holomorphic self- mappings of A. 

We say that a family S = {F t } t>0 C Hol(A) is a one-parameter con- 
tinuous semigroup on A (a semigroup, in short) if 

(i) F t {F a {z)) = F t+S (z) for all t, s > 

and 

(ii) lim FAz) = z for all z G A. 

If all the elements F t , t > 0, of a semigroup S are automorphisms of A, 
then S can be extended to a group of automorphisms {Ft} tgK and property 
(i) holds for all real s and t. 

It follows from a result of E. Berkson and H. Porta [3] that each semigroup 
is differentiable with respect to t £ M + = [0, 00). So, for each one-parameter 
continuous semigroup S = {F t } t>0 C Hol(A), the limit 

z — FAz) „. . 
km -*U. = f( z ), zeA, 

exists and defines a holomorphic mapping / e Hol(A,C). This mapping 
/ is called the (infinitesimal) generator of S = {Ft} t>0 . Moreover, the 
function u(t, z) := F t (z), (t, z) G IR + x A, is the unique solution of the Cauchy 
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problem 

du(t, z) 



+ f(u(t,z)) 



dt J " " ' " ' (1) 

u(0, z) = z, z G A. 
This solution is univalent on A (see pQ). 

We say that r G A is a fixed point of F G Hol(A) if either F{r) = r, 
where r G A, or lim F(rr) = r, where r G dA = {z : \z\ = 1}. If F is not 

r— >1 _ 

an automorphism of A with an interior fixed point, then by the Schwarz- 
Pick Lemma and the Julia- Wolff-Caratheodory Theorem, there is a unique 
fixed point r G A such that for each z G A, lim F n (z) = r, where the 

n— >oo 

n-th iteration F n of F is defined by F\ = F, F n = F o F n _ 1; n = 2, 3, . . .. 
Moreover, if r G A, then |i 71 '( r )l < 1> an d if r ^ ^A, then the so-called 
angular derivative at the point r (see the definition below) F'{r) G (0, 1]. 
This point is called the Denjoy- Wolff point of F. The mapping F is of 
dilation type, if r G A, 

— hyperbolic type, if r G d A and < F'(r) < 1, 

— parabolic type, if r G OA and ^'(r) = 1. 

The mappings of parabolic type fall into two subclasses: 

- automorphic type, if all orbits F n (z) are separated in the hyperbolic 
Poincare metric p of A, i.e., lim p(F n (z), F n+ i(z)) > for all z G A ; 

n— »oo 

- nonautomorphic type, if no orbit F n (z) is hyperbolically separated, 
i.e., lim p(F n (z) , F n+ x(z)) =0 for all z G A . 

n— >oo 

Consider a semigroup S = {F t } t>0 generated by / G Hol(A,C). It is 
a well-known fact that all elements F t (t > 0) of S are of the same type 
(dilation, hyperbolic or parabolic) and have the same Denjoy-Wolff point r 
which is a null point (interior or boundary) of /. (Recall that r G dA is a 
boundary null point of / G Hol(A,C) if lim f(rr) = 0.) If / generates a 

semigroup of dilation type (which does not consist of automorphisms), then 
Re/'(r) > 0. In the hyperbolic case the angular derivative f'(r) defined by 
/'(t) := lim 7^z-fj7 exists and is a positive real number; in the parabolic case 

/'(r) = (see, for example, |2D]). 

We say that a function / G Hol(A, C) has an angular limit L at a point 
r G <9A and write L :— Z lim f(z), if /(z) — » L as z — > r in each Stolz angle 

z— >r 

-Ct,q = {2; G A : |arg(l — rz)\ < a}, a G (0, ^). If L is finite and the 
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angular limit 

M:=Zlim /(z) - L 

z^t Z — T 

exists, then M is said to be the angular derivative /'(t). 

It is known (see [TSj, p. 79) that the existence of the first angular deriva- 
tive f'(r) of a function / G Hol(A, C) is equivalent to each of the following 
conditions: 

(1) there exists Z lim f'(z), and then /'(r) = Z lim f'(z); 

Z — >T 2! — >T 

(2) the function / admits the representation 

f(z) = a + a x {z - r) + 7(2), 
where 7 G Hol(A, C), Z lim 2M = 0, and then /'(r) = ai- 

2— >T 2 T 

In Section 2 of this paper we show that higher order angular derivatives 
of / can also be defined by either one of these ways and the definitions 
are equivalent (Proposition 2). Furthermore, we show that for a semigroup 
{Ft}t>o generated by / G Hol(A, C), the existence of the n-th (n > 1) angular 
derivative /^(t) of / at its boundary null point r G dA implies that for 
each element F t of the semigroup, the n-th angular derivative at r also exists, 
and obtain formulae connecting F^ n \r) with f n (r) for n = 2, 3 (Theorem 1). 

Using these facts, we investigate in Sections 3, 4, and 5 conditions un- 
der which the commutativity of two given elements of the semigroups Si = 
{F t } t>0 and S2 = {Gt} t>0 implies that the semigroups commute for the di- 
lation, hyperbolic and parabolic cases, respectively (Theorems 2, 3, and 4). 



2 Higher order boundary derivatives 

We begin by recalling the following known fact. 

Proposition 1 ([16J, p. 79) Let h be holomorphic in A. Iflmh(z) has a 
finite angular limit at t G dA, then (z — T)h'(z) has the angular limit at t. 

Proposition 2 Let f G Hol(A, C) and let r G dA. Then the following 
assertions are equivalent for any integer k > 0: 
(i) The function f admits the representation 

k 

/w = E!( z - r ) 3 +^ ( 2 ) 

3=0 J ' 
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where Z lim ? k ^ z ) k = 0. 
(ii) The angular limit 

Zlim/ (fc) (Z) 

Z—>T 

exists finitely and coincides with a k in representation |1J). 
(Hi) For each < n < k, the angular limit 

Z lim f {n \z) 

Z — >T 

exists finitely and coincides with a n in representation 
Proof. 

(i)=>(ii). Let (i) hold. We show by induction that for all < n < k, the 
following equality is satisfied: 

k—n , \ 

f (n ){z) _^?fL( z -Ty = y k - n (z), where Zhm 7 -^L = 0. (3) 

It follows from this equality with n = k that p k \z) — a k = Jo(z), and, 
hence, Z lim f k (z) = a k , as required. 

Z — >T 

For n = relation Q is obviously equivalent to (0). Suppose that it 
holds for n = m — 1 (m < k), i.e., 

k—m 

f {m ~ l \z)-Y. ^p^-^' = 7T a \ - } (z-r) k -^+^ m+1 (z). (4) 
~^ J- (k — m + ly. 

Denote 



h(z) := 



lg q-^k—m+l 

Then there exists the finite angular limit 



Z\imh(z) = - ~~~~ 7T7 * (5) 

z^t (k — m + i)\ w 



Now we find 



f( m )(z) - X^ k - m ~ l a ™+j ( z _ T )j 
[z - r)h'(z) = r=°J - (k — m+ l)h(z). 



Since by Proposition 1, Z lim(2; — r)h'(z) = 0, we can write 

Z^T 

^ __1 = (k-m + l)h(z) + fa), 

where Z lim fi(z) = 0. It follows from this equality and ©, that 

/ (m) W-£y^-^ _ a k 

(z-T) k ~ m (k-m)\ +1 ^ Z) ' 

where Z lim 7(2) = 0. Therefore, 



k—rn 

a 



3=0 J ' 

where 7fc_ m (z) := 7(2) • (z — r) k ~ m and, consequently, Z lim J*"™/-! = 0. In 
other words, (JHJ) holds for n = m. 

(ii)=^(iii). Suppose now that there exists the finite limit 

a fe :=Z lim (6) 

Z^T 

Consider the equality 

(*) = /(*-i)(0) + / f (k) (s)ds, zeA. 



Since the angular limit (jSJ) exists finitely, the function / fc (.2) is continuous on 
each curve T(t), a < t < /3, T(a) = 0, T((3) = r, strictly inside each Stolz 
angle at r. Hence, there exists the finite angular limit 

a fc _! := Zlim/ ( *~ 1, (*) = /^(O) + [ f {k \s)ds. 
Z ^ T Jo 

Similarly, for each < n < k, the limit 

a n := Z lim f ( "\z) (7) 

exists finitely. 
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(iii)=^(i). Now we show by induction that for each < n < k, 

n 

f ik-n ){z) = Y j a -hz^i {z - T y +ln{z) (8 ) 

3=0 3 ' 

with Z lim = 0. 

For n = equality (jEJ) follows immediately from (jHJ). Suppose that it 
holds for n = m — 1 (m < k), i.e., 

m— 1 

f ik-m + l) {z) = J- °^l±i {z _ r) i + 7m _ l(2 ), (9 ) 
3=0 J ' 



where Z lim , 7m ~, l i! ) 1 = 0. 



)m-l 

It is clear that 



Z — T 

Therefore, by (J7J), 



f k m \z) a k . m = f 1 f (k- m+ i)( tT + ( 1 _ t)z)dt 



Z 1^ /(fc afc - m = Z lim +D(tr + (1 - t)z)dt = a fc _ m+1 . 

On the other hand, by (jHJ), 

/(*-™)(z)- afc _ m = f f {k-m + i)^ T + { ^_ t)z)dt = 



Z — T 

1 / 1 



E (tr + (1 - t)z - r)' + 7 m-i(ir + (1 - t)*) ) eft 

m— 1 „x 



Hence, 



ni 



f (k- m){z) = j2 ^±i {z _ T) 3 + 7m(z)j 

3=0 J ' 
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where ^ m (z) = (z - r) J Q j m -i(tr + (1 - t)z)dt. 
Now we verify that Z lim = 0. Indeed, 



Z lim , 7m(2) = Z lim T 7 m -i(^+ (l-^) dt 



j^t (2 - t)" l z^t j [z - r) m - 1 

^ T 7o (tT + (1 -t)z - t)™- 1 (z-t)' 171 - 1 







" Vt)-'Z lim, W(tr + (!-!)») 

and for n = m (jSJ) is proved. By induction, (jHJ) holds for all < n < k. This 
equality with n = k yields representation (J2J). I 



Remark 1 It follows from the proof that Proposition 1 also holds if we re- 
place the angular limit Z lim by the unrestricted limit lim in (i)-(iii). 



2- 

zeA 



Remark 2 Proposition 1 can be rephrased in terms of continuous extension 
of the higher order derivatives of f to A U {r} (JJ3I). 

Let F be a holomorphic self-mapping of A and let r e <9A be a boundary 
fixed point of F. Then by the Julia-Wolff-Caratheodory Theorem, the first 
angular derivative F'{j) either exists finitely and is a positive real number 
or equals infinity. If {F t } t>0 is a one-parameter continuous semigroup with 
a boundary fixed point r e d A generated by /, then the angular derivatives 
F((t) for all t > are finite if and only if the angular derivatives =: P 
exists finitely. Moreover, in this case F/(r) = e _/3 * (see [TH], jEj, [T3]). 

As far as the higher order angular derivatives are concerned, even for 
the Denjoy-Wolff point one cannot assert that they do exist. Consider, for 
example, the parabolic holomorphic self-mapping F of A defined by 

m , 2. + (1 - ,)Log (^) 
2 + (1 - 2)Log (— ) 

where Log is the principal branch of the logarithm (see ([§]))• The Denjoy- 
Wolff point of this mapping is r = 1. Consequently, there exists Zlim dF S zS) . 

However, the angular limit Z lim 9 g z i does not exist finitely. 
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In Theorem 1 below we show that the existence of the angular derivatives 
f"{r) and f'"(r) of the generator / of a semigroup {F t } t>Q at a boundary 
fixed point r implies that for each t > 0, the angular derivatives F"(t) : = 
Z lim 9 and F"'{t) := Z lim 9 Q^f 1 also exist. Moreover, we give for- 
mulae which connect these derivatives. In the proof we use the following 
lemma. 

Lemma 1 (see [T7], p. 303) Let F e Hol(A) and let r e dA be a bound- 
ary fixed point of F. If F is conformal at r, then nontangential convergence 
of z to r implies that F(z) converges to r nontangentially. 

Theorem 1 Let S = {F t } t>0 be a one-parameter continuous semigroup gen- 
erated by f e Hol(A, C) and let r 6 dA be a boundary null point of f . 

(i) If f'(r) := Zlim/'fY) exists finitely, then for each t > 0, Flir) : = 

Z — >T 

Z lim F'(z) also exists and 

Z—>T 

F/(r) = (10) 

where (3 = f'(r) . 

(ii) If f"(r) := Z\imf"(z) exists finitely, then for each t > 0, F"(r) : = 

Z—>T 

Z lim F"(z) also exists and 

Z^T 

F " (r) = { ^{e-^- 1), P^O, (U) 

where = f( r ),a= f"(r). 

(Hi) If / w ( r ) := Z lim f"'(z) exists finitely, then for each t > 0, F"'(t) : = 

Z— >T 

Z lim F"'(z) also exists and 



F t"( T ) - { ( 'ioP_ i J_\ -3/3t _ oa* -2(3t , ( 3oP_ _ -f3t a / n ( 12 ) 

\2f3 2 ^2f3) (i °0* C ^ \2f3 2 2(3 ) C ' P r u > 

where $ = f{r), a = f"{r), n = f"{r). 

Proof. Since assertion (i) has been proved in [TH] (see also [7j and [IS]), we 
only present here proofs of assertions (ii) and (iii). 
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(ii) We have already mentioned above that semigroup elements solve the 
Cauchy problem (JTJ). Differentiating the equality 



dFAz) 



+ f(F t {z)) = 0, ze A, t>0, (13) 



dt 

two times with respect to z G A, we get 

d ^ f .('A +m(2)) m ! +r(W « = , (14) 



dt V dz 2 7 \ dz J dz 



for all z G A and t > 0. 

Define the functions p(*,t) := f'(F t (z)), q(z,t) := -f"(F t (z)) (^)" 

i2 Jt(z) 
dz 2 ' 



and U2(z,t) := 9 , z G A, £ > 0. It is clear that 1x2(2,0) = 0. Rewriting 



(|14jl in the form 

du 2 (z,t) 



+ p(z,t)u 2 (z,t) = q(z,t), z G A, £ > 0, 



9* 
we find 

/■t 

M2 ( Z) f) = e -^pM ds . / q( z ,s)e^^ z '^ds. 

Jo 

Now we fix £ and let z tend to r nontangentially in the right-hand side 
of this equality. Since Z lim f"{z) := a exists finitely, by Proposition 2, the 

Z — >T 

angular limit Z lim /'(z) := /3 also exists finitely. Consequently, for each 

2— >T 

t > 0, r is a boundary fixed point of F t and, by item (i), Zlim F^(z) = 

Z^T 

e -pt q ^ gee Theorem 2 in PH]). Hence, by Lemma 1, F t (z) converges to r 
nontangentially as z tends to r nontangentially for each t > 0, and we can 
conclude that Zlim p(z,t) = (3 and Z lim 9(2, t) = —ae~ 2/3t for each t > 0. 

Hence, 

Zlim ( e -lX^) ds . f q (z,s)eti* z * )tk d8 
Z ^ T V Jo , 

- fi Z lim p(z,s)ds f ,,. , x f n s Z lim p(z,q)(k , 

= e ^ ■ Z hm q(z, s) ■ e as 

Jo Z ~* T 
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Therefore if j3 = 0, then 



If ^ 0, then 



Z lim — — — = —at, < t < oo. 



Zl im ^W = V0'.(e^-l). 



(iii) Differentiating equality (JT3J1 three times with respect to z G A, we get 



<9t \ dz 3 J \ dz J dz dz 2 

+ f\F t (z))^fi- = 0, t > 0, z G A. (15) 
Define the functions 

and u 3 (z, t) := 8 , 2 G A, £ > 0. It is clear that 1*3(2:, 0) = 0. Rewriting 
()15|) in the form 

du-At,z) , . , . . 

^ + t)«3^ S *) = rfo t), t > 0, 

we find 

u 3 (z,t) = e"^ M& - / r(z,s)e^ p(z '^*ds. 



Now we fix t and let z tend to r nontangentially in the right-hand side of 
this equality. 

Once again, by the continuity of p(-, t) and r(-, £) in D TtU U{r}, v G (0, ~), 
Zlim J q(z,s)e^ p{z ^d,^j = 



- f. . Z lim p(z,s)ds / ... , . L s Z lim p(z,?)<fc , 

e z -» t ■ / Z lim q[z, s) ■ e " z ^ t as 

Jo Z ^ T 

-< " ■ \ ( 7 e- 3/3s + 3ae- f3s • Z lim ) < '\/.s. 

dz 2 
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By Proposition 2, the limit Z lim 9 exists and by item (ii) proved 



above, it is given by equality (fTTf . 

> 3 F t ( 
dz 3 



Z—l-T 



Hence, the limit Z lim 9 exists and in the parabolic case ((3 = 0) it 



Z— >T 



equals 

d*F t (z) [* 2 3aH 2 
dz 3 = ~ J ^~ 3a s > ds = 



2— IT 



In the hyperbolic case (/3 7^ 0) this limit also exists and 

Z lim = _ e -* .ML***) e -*» - ^ ) ds 



dz 3 Vn VV * J 



2/? 2 2/3/ /3 2 V2/? 2 2/3 



Corollary 1 Lei / G Hol(A, C) fre the generator of a parabolic semigroup 
{F t } t > with the Denjoy-Wolff point r E dA. If Z lim f"(r) = Z lim f'"(r) = 

0, then F t = I for allt>0. 

Indeed, these conditions imply that F[(t) = 1, F"(t) = F"'(t) = for 
all t > and, by [T2], we get F t = I. 

Remark 3 As a matter of fact, repeating our proof and using Remark 1, one 
can show that the angular limits in Theorem 1 can be replaced by unrestricted 
limits. Namely: 

Let S = {F t } t>0 be the semigroup generated by f. Assume that for each 
t > the unrestricted limit lim F(z) exists, where t is a boundary null point 

zGA 

of f . The following assertions hold: 

(i) If the unrestricted limit (3 := lim f'(z) exists finitely, then 

zeA 

lim Fftz) = e~ m for each t > 0. 

zeA 

(ii) If the unrestricted limit a := lim f"(z) exists finitely, then 

zGA 

lim Fl'(z) = \ jf-ptt-Pt °_ n R -4- n ( 16 ) 



zeA I P 
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a e -f)t( e -f3t _ ^ 



for each t > 0. 

(Hi) If the unrestricted limit 7 := lim f"'{z) exists finitely, then 



Z^>T 

zeA 



Z^T 

zeA 



\aH 2 -^t, p = 

(3a^ 1 J_\ -3/3t _ oa* -20t i ( 3o?_ _ J_\ -/3t a i n 
^2/32 ^ 2/3 y C °/3 2e ^ \2f3 2 2/3 J C ' ^ T 1 U > 

(17) 

/or eac/i £ > 0. 

Remark 4 T/ie arguments used in the proof of Theorem 1 can be used to 
derive analogous results for derivatives of any order k > 4. 



3 Semigroups with an interior fixed point 

In our proofs we use the two following facts established by C. C. Cowen in 

EDI- 

Proposition 3 Let F, G\, G2 be holomorphic self-mappings of A, not au- 
tomorphisms of A, and let G\ and G2 commute with F . Suppose that r 6 A 
is the Denjoy-Wolff point of F and that < |-F"(t)| < 1. Then G% and Gi 
commute with each other. 

Proposition 4 Let F and G be two commuting holomorphic self-mappings 
of A, not automorphisms of A, and let r G A be their common Denjoy-Wolff 
point. 

(i) IfF'(r) = 0, then G'(t) = 0. 

(ii) J/0 < \F'(t)\ < 1, then < \G'{t)\ < 1. 
(Hi) IfF'(r) = 1, then G'(r) = 1. 

The following fact is more or less known (see, for example, P). 

Proposition 5 Let S = {F t } t>0 be a semigroup in A. Assume F to is an 
automorphism of A for some t > 0/ then each element F t of S is an auto- 
morphism of A. 

We now begin our investigation of commuting semigroups. Note that in 
all the following theorems the condition Fx o G\ = G\ o J\ can be replaced 
by the condition F p o G q = G q o F p for some p, q > 0. 
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Theorem 2 (dilation case) Let Si = {F t } t>0 and S 2 = {G t } t>0 be two 
continuous semigroups on A generated by f and g, respectively, and let F\ o 
G\ — G\ o F\. Suppose that f has an interior null point r G A. 

(i) If S\ and S2 are not groups of automorphisms of A, then they com- 
mute. 

(ii) If Si is a nontrivial group of elliptic automorphisms of A and S2 is a 
semigroup of self-mappings of A, then Si and S2 commute if and only if S2 
is a semigroup of linear fractional transformations of the form 

G t (z) = m T {e~ at ■ m T {z)) (18) 

for some a G C, where m T (z) = -^E=~- 

Note that the function G t defined by equality (fTHj) is a self-mapping of A 
if and only if Re a > 0. 

Proof. Since r is an interior null point of the generator /, it is the unique 
interior fixed point of the semigroup Si (see P]). The commutativity of F\ 
and Gi implies that r is a fixed point of G\ and, consequently, r is a fixed 
point of Gt for each t > 0. 

(i) If Si and S2 are not groups of automorphisms of A, then < |-F/(r)| < 
1 and < |G£(t)| < 1 for all t > 0, by the Schwarz-Pick Lemma and the 
univalence of F t and G t on A for all t > 0. 

The function G\ commutes with i*\ (by our assumption) and, for each 
t > 0, the mapping F t commutes with F\ (by the semigroups property). 
Therefore Proposition 3 implies that G\ o F t = F t o G\ for all t > 0. 

Fix an arbitrary t > 0. Similarly, since Gi o F t = F t o G\ and G\ o G s = 
G s o Gi for all s > 0, we get, by Proposition 3, that G s o F t = F t o G s for all 
s > 0. Hence, the semigroups Si and S2 commute, as claimed. 

(ii) Since Si is a group of elliptic automorphisms of A with a fixed point 
t G A, the functions F t are of the form (see |3]) 

F t (z) = m T (e llft m T (z)) for some tp G R. 

Let G t (z) = m T (e~ at m T (z)). Using the equality m T (m T (z)) = z, we get 

F t (G s (z)) = m T (e ivt m T (m T (e- as m T (z)))) = m T (e ilpt e- as m T (z)) = 

= m T (e- as e i(pt m T (z)) = m T (e- as m T (m T (e ivt m T (z)))) = G s (F t (z)). 
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Conversely, suppose that F t o G s = G s o F t for all s, t > 0. Denote 

F t (z) = e itpt z, G t = m T oG t om T . 

Then {F t }t>o is a group of automorphisms of A with a fixed point at zero, 
and {G t }t>o is a semigroup of self- mappings of A with a fixed point at zero. It 
is obvious that the semigroups {F t }t>o and {G t }t>o commute. Consequently, 
their generators 7j(z) and f(z) = —itpz are proportional (see [T2]). So g(z) = 
az for some a G C. Therefore = e~ a *z and G t {z) = m T (e~ at m T (z)). ■ 

We see from this theorem that if Si is a group of elliptic automorphisms, 
the commutativity of Fx and Gx does not imply that the semigroups Sx and 
S2 commute. Nevertheless, in this case one can still obtain some additional 
information about the semigroup 82- The following assertions explain our 
claim. 

Proposition 6 If Sx = {F} t >o ^ s a group of elliptic automorphims whereas 
S 2 = {G t } t>0 is a semigroup of self-mappings of A which are not automor- 
phisms, then the commutativity of Fx and Gx implies that Fx o G t = G t o Fx 
for allt > 0. 

Proof. Let r G A be the common fixed point of Sx and S 2 - Then the 
functions F t are of the form F t (z) = m T (e tipt m T (z)), tp G M., z G A, where 



Denote F t (z) = e itpt z and G t {z) = m T (G t (m T (z))). Then {F t } t > is a 
group of automorphisms of A with its common fixed point at zero, and 
{G t }t>o is a semigroup of self- mappings of A which are not automorphisms 
with its common fixed point also at zero. 

It is obvious that for each t > 0, Fx and Gt commute if and only if F\ and 
Gt commute. Hence, by our assumption, Fx o Gx — Gx o Fx or, which is the 
same, e*G x (z) = Gx(e^z). ^follows ^hat for aUn G N, Fx o G n = G n o Fx, 
where G n are the iterates of Gx, i.e., G n = Gx ° G n -i- 

Since Gx is a self-mapping of A (which is not an automorphism) with a 
fixed point at the origin, there exists a unique univalent solution h of the 
functional equation 

h{Gx{z)) = ah{z), with a = G?i(0), 
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normalized by h(0) = 0, h'(0) = 1 (see, for example, ^H])- This solution is 
given by 

h ( z ) = lim 

Moreover, by [TT], for all real positive t, 

h(G t (z)) = a l h{z) . 

Therefore, 

uvtn<\\\ u*n<\\ v G n (e*G t (z)) .. e^G n (G t (z)) 
hiF^Gtiz))) = h(e ltfi G t (z)) = hm — ^ — — ^ = hm \ = 

= e^h(G t (z)) = e^a'hiz) = a' lim e ^M. = a * lim G n(^z) = 

n—>oo QL n n— >oo Ct n 

= a l h[e^z) = h(G t (e i{p z)) = h{G t {F x {z))) 

and, by the univalence of h, we get Fi o G t = G t o Fx for all t > 0. Conse- 
quently, Fi and G t commute for all £ > 0. ■ 

Corollary 2 Let S\ = {F t } t>0 be a group of elliptic automorphisms of A, 
i.e., F t (z) = m T (e ltpt m T (z)) , tp G M, r G A, and let S 2 = {G t }t>o be a semi- 
group of self-mappings of A. Suppose that ^ is an irrational number and Fi 
and G\ commute. Then G t (z) = m T (e~ at m T (z)), a G C, and, consequently, 
the semigroups Si and S 2 commute. 

Proof. Once again, we define the functions F t = e tipt z and Gt = m T oGtom T . 
The commutativity of F\ and G\ implies that F± o Gi = G\ o F\ and, by 
Proposition 6, Fi o G t = G t o F x for all t > 0. Therefore G t (e' ni ^) = 
e mtp G t (z) for all n G N. Since the set {e mv5 } ng N is dense in the unit circle, 
Gt(Xz) = XGt(z) for all A with |A| = 1 and z G A, by the continuity of G t 
on A. 

Fix 7^ z G A and £ > 0, and consider the analytic function q(X) on the 
closed unit disk defined by 



9(A) 



~ (19) 

lim ^) = a~ A = Q 

I a-o A dw w=0 
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This function is constant on the unit circle: q(X) = G t {z). Moreover, 
q(X) 7^ for all A G A. Therefore g(A) = G t {z) for all A 6 A. So for each 
z 7^ and t > 0, G t (Xz) = XG t (z). Consequently, this equality holds for all 
z G A. Hence Gt is a linear function for each t > 0, i.e., Crt(z) = e _at z for 
some a G C, Re a > 0, and the assertion follows. ■ 

In contrast with this corollary, if ^ is a rational number, the semigroups 
Si and S2 do not necessarily commute. The following example gives a large 
class of semigroups S2 = {G t }t>o such that Fx o Gt — Gf o Fx for all t > 0, 
but the semigroups Sx and S2 do not commute. 

Example. Let Sx = {F t } t>0 , where F t (z) = e lS ^ t z, n G N, and let S 2 = 
{G t } t>0 be the semigroup generated by g(z) = zp(z n ), where Rep(z n ) > 
for a\\z G A. Then Fx o G t = G t o F x for all t > 0. 

Indeed, denote m = u(t, z) := Gt(^). Then u is the unique solution of the 
Cauchy problem 




(20) 



and, consequently, 




(21) 



Substituting e l « 2; instead of 2;, we get 




Now substitute ? 



e n io: 




t, 2 G A. (22) 



Equalities (J2U) and J22J) imply that 




(23) 
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By the uniqueness of the solution to the Cauchy problem (|2U|). the equa- 
tion 



has the unique solution u = G s (z) for each s > 0. Thus, it follows from 



that G t (e i ^z)e~ i ^ = G (G t (z)) = G t (z). Hence, G t {e^ z) = e l ^G t (z). 



Therefore Fi commutes with G t for all t > 0. At the same time, if p is not a 
constant function, the semigroups do not commute because their generators 
are not proportional. 

4 Semigroups of hyperbolic type 

We start this section with an assertion which is of independent interest. 

Proposition 7 Let F and G be two commuting holomorphic self-mappings 
of A and assume that G is not the identity. If F is of hyperbolic type, then 
G is of hyperbolic type too. 

Proof. If F is a hyperbolic automorphism of A, then by Lemma 2.1 in ^j] 
G is a hyperbolic automorphism of A. 

Let F be a holomorphic self-mapping of A which is not an automorphism 
of A. In this case, by a result in [2], the mappings F and G have a common 
Denjoy- Wolff point r e <9A. We have to show that G is of hyperbolic type, 
i.e., < G'{r) < 1. Suppose, to the contrary, that G is of parabolic type, i.e., 
G'(t) = 1. Then, by Proposition 4(ii), G must be a parabolic automorphism. 

Denote g := C o G o C~ l and / := C o F o C" 1 , where C(z) = £f . Then 
/ and g are two commuting holomorphic self-mappings of the right half- 
plane H = {z : Re ,2 > 0} with their common Denjoy- Wolff point at infinity. 
Moreover, g is a parabolic automorphism of EI while / is a hyperbolic self- 
mapping of H. Consequently, / and g are of the forms (see |18j): 

i r (w) 

f(w) = cw + Tp(w) with c = > 1 and Z lim = 0, 




and 



5f(w) = to + ib with 6 G R \ {0} and w6i. 
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By a simple calculation and the commutativity of / and g n , we infer from 
the above representations that 



Hence, 



f(w + nib) = f(w) + nib, «)6l 
f(w + nib) f{w) nib 



(24) 



+ 



w + nib w + nib ' w + nib ' 
oo, we obtain that for each wgH, the limit lim ^ w+n%b ^> 



o+nib 



exists 



Letting n 
and equals 1. 

Fix Wq G H. Consider the curve I := {w +it : £ G R, sgn£ = sgn6}. We 
intend to show that the limit lim exists and equals 1. 

l3z^oo z 

To this end, fix an arbitrary e > and take N G N such that 



1 



and iV > - 1 — 1 



for all u> G [wq, w + z6]. 
M _ 

z 



Then 



< e for all z G / with sgn b-Imz > sgn 6(Im wq + iV6). 

Indeed, if sgn b ■ Imz > sgn6(Im«;o + Nb), then z = a + ikb for some 
a G [wq, Wo + ib] and k > N. 

Hence, k\b\ > \a\ and k > ^ y _)_ |a|). Consequently, |a + ikb\ > 

k\b\ - \a\ > 



Now using 



we obtain that 



i 



f(a + fcife) 
a + kib 



1 





/(a) - a 




a + ikb 



< e. 



Thus lim 

l3z^oo z 

ample, [20 ) that Z lim 

z— >oo 

fore the mapping G is indeed of hyperbolic type 



1. It now follows from Lindelof's theorem (see, for ex- 
= 1, which contradicts our assumption. There- 



Theorem 3 (hyperbolic case) Let S\ = {F t } t>0 and S% = {G t } t>0 be 
continuous semigroups on A generated by f and g, respectively, and assume 
that F\ o G\ = G\ o F\. Suppose that f has a boundary null point r G dA, 
such that f'{r) := Zlimf'(z) > 0, i.e., the semigroup Si is of hyperbolic 

type. Then the semigroups S\ and S2 commute. Thus, if g 7^ then S2 is 
also of hyperbolic type. 
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Proof. By our assumption, r is the Denjoy-Wolff point of the semigroup 

First we suppose that S\ and 5*2 consist of automorphisms of A. Since 
f'(r) > 0, Si consists of hyperbolic automorphisms of A and its generator / 
is of the form 

/(*) = — (*-r)(*-f), 
r — q 

where a± is a positive real number and q is the second common fixed point 
of the semigroup Si (see [3] ) . 

The commutativity of Fi and Gq implies that Gq has the same fixed 
points r and q; consequently, £2 consists of hyperbolic automorphisms of A, 
and its generator g is of the form 

g( Z ) = -^—( z - r )(z-^ i 

q — t 



where 02 is a non-zero real number. Hence, g(z) = — ^-f(z), and by Theorem 
3 in [12 1 . the semigroups commute. 

Suppose now that at least one of the semigroups Si and S2 consists of 
self- mappings of A which are not automorphisms. By a result in j2] , r is the 
common Denjoy-Wolff point of Si and 5*2. Moreover, by Theorem 1, a :— 
F[{t) = e~ /,(T) G (0, 1). Consequently, by Proposition 7, := G[(r) G (0, 1). 

Since F\ is a hyperbolic self-mapping of A, the limit (where F n = F™ is 
the n-th iterate of iq) 

^):=liml— zeA, 

exists and is not constant (see |14j). Moreover, for each t > 0, the function 
h is the unique univalent solution of Schroder's functional equation 

h(F t (z)) = o?h{z) 

normalized by h(0) = 1 (see ^3] and ^1]). Hence, 

ur ( w v 1 - F n(Gi(z)) 1 - Gi{F n {z)) 1 - F n {z) 
h{Gi{z)) = hm — = hm — • ^777: = PKz). 

Therefore 

h{Gi{F t {z))) = f3h(F t (z)) = (3a t h{z) = a*/i(G?i(z)) = fc(F t (G?i(«))) 
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for all i > and z G A, and by the univalence of h, G 1 commutes with F t 
for each t > 0. 

Fix t > 0, and denote by a the Kcenigs function for S2: 

( \ Y 1 — G n (z) 

Since the mapping G\ is of hyperbolic type, this limit exists and for each 
s > 0, the function a is the unique univalent solution of Schroder's functional 
equation 

a(G s (z)) = P s a(z) 
normalized by cr(0) = 1. Hence, 

a (F t (z)) = hm — = hm — • ^— - = aV(z). 

n-»oo 1 - G n (0j n-»oo 1 - G n {Z) 1 - G n (0J 

Consequently, 

a(F t (G s (z))) = aV(G s (z)) = a^ s a{z) = (3 s a(F t (z)) = a(G s (F t (z))) 
for all s > and z G A, and by the univalence of a the semigroups commute. 



5 Semigroups of parabolic type 

For each n = 0, 1, ... , we denote by C\{t), t G A, the class of functions 
F G Hol(A, C) which admit the representation 

n 

F(z) = J2^(z-r) k + 1 (z), (25) 

fc=0 

where 7 G Hol(A, C) and Z lim = 0; and we say that F G C™(r) when 

this expansion holds as z — > r unrestrictedly. 

To proceed we need the following auxiliary result. 

Lemma 2 Let F,G e Hol(A) be two commuting univalent parabolic map- 
pings and let r = 1 be the Denjoy-Wolff point of F. If one of the following 
conditions 
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(ii) F,G e C\(l), G"(l) ^ 0, ReF"(l) > 0; 
(Hi) F,G e C 3 (l) ; F"(l) = G"(l) = ; F"'{1) ± 0, G"'{1) ± 
holds, then there exists a univalent function a G Hol(A, C) such that 

a o F = a + 1 (26) 

and 

a o G = a + A with A G C, A ^ 0. (27) 

Proof. Consider 2° := F n (0) and a n (^) := ^, z G A. Then 

Z n+1 ~ Z n 

o n G Hol(A, C) and the sequence {(T n }^ =1 converges in the compact-open 
topology to a certain holomorphic map a G Hol(A, C) such that (j2*U|) holds 
(by Theorem 2.1 in [S]). Since F is univalent in A, the solution a of Abel's 
equation (j2T?j) is also univalent in A. 

Now we show that a satisfies (12 7|) . Denote / = C o F o C _1 , g = C o 
G o C -1 , /, # G Hol(H, HI), where H = {z : Re (/) > 0} and C is the Cayley 
transformation given by C(z) = j^. Then / and g are commuting parabolic 
maps in Hol(H, H) having oo as their common Denjoy- Wolff point. 

Denote w := C(0) = 1, < := / n (l) = C(z% 

W n ■= fn(w), W n G H, 

and 

<+i - < 

Then /i n G Hol(H, C) and the sequence {h n }^ =1 converges in the compact 
open topology to a holomorphic function h G Hol(H, C) such that hof = h+1 
and a = ho C (see jH]). 

Suppose that (i) holds. Then the following expansions of / and g at oo 
are satisfied (see [3]): 

f(w) = w + F"{l)+^ f {w), lim 7/ H=0 (28) 

w— >oo 

and 

g{w)=w + G"{l)+ lg {w), lim 7fl («j) = 0. (29) 

Hence, 

. / /.an /n(ffM) ~ W° 9{fn{w)) ~ W° n 

K\g{w)) = — o — = — o — 
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w n + G"(l)+-f g (w n )-w° n = w n -w° n | G"(l) + ~/ g (w n ) 

W n+1 - W n W n+1 ~ K W n+1 ~ K 

= h n (w) + G " {1) + 7sK) + 7/K) 



F"(l)+ 7 /K) 
Letting n — > oo, we obtain 

h(g(w)) - h(w) = — — ■ hm 5 ^— . 30 

Repeating this calculation with / instead of g, we find that 

F"(l)+ 7 /K) 



h(f(w)) = h{w) + lim 



. - 71,0 



F"(l) + 7f(w n ) 

At the same time, h o f = h + 1. Hence lim ^ n = 1. 



Rewrite (J3U|) as follows: 



n^oo H)JJ +1 — W° 



G"(l) 

h(g(w)) — = A, where A = p, f ^ ^ ^ anc ^ ^ G HI. 

Substituting h = a o C _1 and g = C o G o C^ 1 in the last equality we get 
(123). 

If (ii) holds, then Theorem 14 in [Hj implies that for each z G A, the 
sequence {-^nO^OKJLi converges to 1 (and, consequently, {w n } converges to 
oo) nontangentially. So, in this case, one can repeat the proof of item (i), 
replacing the unrestricted limits in ()28j) and (|29j) by the angular limits. 

Suppose now that (iii) holds. Then the following expansions of / and g 
at oo hold (see [S]): 

2 F"'ll) 

f(w) = w- + T f (w), lim r ; H W = (31) 

6 W + L w^oo 

and 

^(w) =«,--— ii+r fl H, lim r fl (w)«; = 0. (32) 

6 W + L w^oo 

Therefore 

<■/ \ n n 2F"'(l) . -p / \ 

"«U — _..n ...n ~~ ...n ...n 



K+i - K K+i - w n K+i - K 
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h n (w) + 



K+i - K 



Letting n — > oo, we obtain 



h(f(w)) = h(w) + lim 







On the other hand, h(f(w)) = h(w) + 1. Hence, 

2F"'(1) , -r / \ 
l im 3 !£s±i = 1. (33) 

Now using ()32|) . we find 

, -l GW (i) + r 9 K)K + i) -l3 + r /K) 



-fF'^ + r/^K + i) 

Letting n — > oo and using (}33|) . we get 

%H) - fcM = A, where A = ^ °- 

Consequently, cr o G — cr = A. ■ 

Following [S], we say that the function a mentioned in the lemma is the 
Koenigs intertwining function associated with F with respect to z$ = 0. 

Remark 5 The function a in Lemma 2 is completely determined by the 
function F. It does not depend on G. So if the conditions of the lemma hold 
for the same function F and another function G\ G Hol(A), then we have 
the equality 

a o G\ = a + Ai 
with the same function a and a constant Ai ^ 0. 
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Theorem 4 (parabolic case) Let S± = {F t } t>0 and S2 = {Gt} t >o be two 
continuous semigroups on A generated by f and g, respectively, and let Fi o 
d = G x oF x . 

Suppose that r = 1 is the boundary null point of f such that /'(l) = 0. If 
Si, 5*2 C C°(l) and one of the following conditions 

(i)f,geC 2 (l),f"(l)^0, g"(l)^0; 

(n) f,geC 3 (l), f"(l)=g"(l) = 
holds, then the semigroups commute. 

Proof. Since r is a boundary null point of / and /'(t) = 0, it is the common 
Denjoy- Wolff point of the semigroup Si. The commutativity of F x and G\ 
implies that r is the Denjoy- Wolff point of Gi (see 0) and, consequently, r 
is also the common Denjoy- Wolff point of the semigroup S2 ■ 

If (ii) holds and, in addition, either f"'(l) = or g"'(l) = 0, then by 
Corollary 1 we have that either F t = I or G t = /, respectively, and therefore 
the semigroups commute. Suppose that f"'{l) 7^ and g"'(l) 7^ in (ii). 
Then by Remark 3 above, one can replace conditions (i) and (ii) by 

(i 5 ) F u G t G C 2 (l), if (1) ^ 0, G'{{1) ± for all t > 0; 

(ii') F t , G t G C 3 (l), F/'(l) = G»(l) = 0, if'(l) ? 0, G'l' (1) ± 0, t > 0. 

By our assumption, F% o Gi = Gi o F x . Moreover, F x o F t = F t o Fx for all 
t > 0. Therefore Lemma 2 implies that there exists the Kcenigs intertwining 
map a for F\ with respect to zq = 0, which satisfies 

<r(i?i(z)) = a(2) + 1, z G A, (34) 

<r(Gi(z)) - cr(» = A, z G A, for some A ^ 0, (35) 

and 

<7(F t (z)) - ^(z) = /?(£), t>0, zeA, (36) 

where /?(*) ^ for all t > 0. 

Furthermore, Fi o Gi — Gi o F\ and G\ o G s = G s o G\ for all s > 0. 
Hence, by Lemma 2, there exists the Kcenigs intertwining map a for G\ with 
respect to z — 0, which satisfies 

a{G x {z)) = a(z) + 1, 2 G A, (37) 
a(Fx(^)) - = A, z G A, for some A 7^ 0, (38) 
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and 

a{G s {z)) - a(z) = 0(s), s > 0, z e A, (39) 

where 0(s) ^ for all s > 0. 

Assume that at least one of the mappings Fx, Gi (for example, G\) is of 
nonautomorphic type. (Note that if (ii') holds then for each t > 0, Gt and 
Ft are of nonautomorphic type by Theorem 4.4 in [IE]-) It follows from (|38|) 
and (J3HJ) that 

^W^)) - 3?(z)) = a(G.(z)) - a(z). (40) 
A 

Rewrite (}35|) in the form 

ja(G 1 (z)) = ja(z)+l. (41) 

By Theorem 3.1 in |Hj, equalities (J37j) and (jUJ) imply that j<j — a + const., 
and so PU|) is equivalent to 



A 

or, by 



/( "Wi(*)) -a(z)) = a(G s (z)) - a(z) (42) 



^i^- = a(G s (z)) — a(z). (43) 
A 

Since the right-hand sides in (J36j) and (J43j) are differentiate in t and s, 
respectively, and are differentiable too. Hence, 

0>{t) = a'{Ft{z))-—£-t and ^ = <r'(G 8 (z)) 



Letting t — > + and s — » + in these equalities, we obtain 

/?'(0) = -a'(z) ■ f(z) and = -a\z) ■ g(z), 

A 

where / and g are generators of the semigroups {F t } t>0 and {G t } t>0 , respec- 
tively. 
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Since a is univalent on A, the derivative cr'(z) ^ for all z G A. More- 
over, because the common Denjoy-Wolff point of Si and S 2 belongs to the 
boundary d A, the generators / and g do not vanish on A. Therefore 

f(z) = aq(z), where a = ^ - - , 

and by [12], the semigroups commute. 

Now let the mappings Fi and G\ be both of automorphic type. Note that 
in this case -^'(1) and G"/(l) cannot be zero and so we assume that (i') holds. 

We have already seen in the proof of Lemma 2 that 

a(Gi(z))-a(z) = ^. (44) 



Since ReF{'{l) = and ReGi'(l) = (see Theorem 4.4 in 0), it follows 

G"(l) 

that ph^j G M \ {0}. Moreover, by Theorem 1, 

F' t \l) = -at and Gj'(l) = -at, t > 0, 
where a — f"(l) ^ and a — g"(i) ^ 0. So equality (J44|) has the form 

a 

cr(Gi(z)) — a(z) = p, where p :— — . (45) 

a 

On the other hand, 

F"(1) at 

a(F t (z)) - a{z) = = - = t for all t > 0. (46) 

First we suppose that p > 0. From (}4T)j) and (j4T)j) we have a(Gi(zj) = 
a(F p (z)), z G A, and by the univalence of a on A, Gi(z) = F p (z) for all 
z G A. Hence, G 1 oF t = F t o d for all t > 0. 

Fix t > and repeat these considerations with G\, F t , G s and a instead 
of Fi, Gi, F t and a, respectively. Namely, 

-WW) - <K») = ^ = 5 > o 

and 

?(C s (z))-5(z) = ^2l) =a for all s>0 . 
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Denote s : = f > 0. Then a(F t (z)) = a(Gs{z)), z G A. By the univa- 
lence of a on A we have F t (z) = Gg(z). Therefore G s o F t = F t o G s for all 
s > 0. Since t > is arbitrary, it follows that the semigroups Si = {F t } t>0 
and S 2 = {G s } s>0 commute. 

Let now p < 0. Then by (jUj) , cr(F_ p (,2)) — (7(2) = — p for all z G A. 
Hence, by (I43|) . 

( r(F_ p (G 1 (^))) - a(Gi(2)) = <t(z) - <x(Gi(z)), 2 G A, 

and, therefore, 

a(F_ p (G 1 (z))) = a(z), z G A. 

By the uni valence of a on A, F_ p (Gi(z)) = z. Consequently, F_ p = Gf 1 on 
Gi(A). Since F_ p G Hol(A), G]" 1 is well defined on A and so G%, as well as 
are an automorphisms of A. Therefore, by Proposition 5, {F t } t>0 is a 
semigroup of automorphisms. Consequently, it can be extended to a group 
Sf = {F t } teR and G\ = F~ l = F_ p G Sf- In particular, G\ o F t = F t o d 
for all t > 0. 

Fix t > 0. In a similar way, using the commutativity of F t and Gj, one can 
show that the semigroup {G s } s>0 can be extended to a group Sc = {G s } s€R 
and that F t oG s = G s o F t for all s, t G R. ■ 

Remark 6 Note in passing that the proof of Theorem 4 implies the following 
interesting fact: 

Let Si = {F t } t>0 be a continuous semigroup of parabolic type on A gen- 
erated by f with the D enjoy- Wolff point r — 1, and let G be a holomorphic 
self-mapping of k such that F x oG = Go F x . If f,G G G 2 (l) and S 1 C C°(l), 
then the condition /"(1)-G"(1) > implies that Si can be extended to a group 
of parabolic automorphisms of A and G G Si, hence G commute with all el- 
ements F t , t > 0. 

Remark 7 Note also that if in the assumptions of Theorem 4, Si = {F t } t>0 
and S 2 = {G t } t>0 are both groups of parabolic automorphisms of A, then 
condition (i) of the theorem holds automatically, so the commutativity of F\ 
and Gi implies that S\ and S 2 commute. 
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